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The stress concentration of an oblate spheroidal inclusion parallel

to the stress and defor’nation axis is obtained by using Eshelby theory.

This is cc~pl~~~ntary to our previous study, in which stress concentration

is analyzed for an oblate spheroidal. inclusion ror~~l to the stress and

defoiiiat ion axis. Effects of the elastic stiffness and the aspect ratio

of the inclusion on the stress concentration are examined in detail . The

internal stresses inside the iz~~lusion and at the rn~trix-inclusion boundary

are calculated considering in1u~ogeneity and plastic defor~nation effects .

Stress concentrations at grephite flakes and nodules in cast iron are dis-

cussed.
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STRESS CONC~NrRS~TION IXIE TO AN OBIATE Svt~ ROIr~kL flIICIJJSXON

1. INTROWCTI(*I

A good deal of attention has been given to stress concentrations

produced by ~~les and cavities in materials. However, only limited efforts

have been devoted to effects of in].cusions , inside which elastic stiffnesses

differ frc*n ti-ose of the surr~~ndIng matrix. In our previous paper El] (to

be referred to as Paper I) , stress concentrations in materials bearing an

oblate spheroidal inclusion were studied by using Eshelby theory (2]. Three

cases were considered : (1) misfit effect due to an isotropic dilatational

strain; (2 ) inbonogeneity effect due to a difference in elastic stiffnesses

of the inclusion and matrix; (3) plastic defor~~tion effect due to the

presence of a non-deformable inclusion in the matrix, which is plastically

defon~~d. The influences of the aspect ratio and elastic stiffness of the

inclusion were evaluated . In analyzing the in~~*iogeneity and plastic deform-

tion effects, we restricted our attention to the case of the oblate spheroidal

inclusion having its broad faces normal to the direction of the exter’nal

stress and plastic deformation (N configuration). In this paper, we wish to

extend our calculation to the oblate spheroidal inclusion, which is parallel

to the external stress and plastic defor~ration axis (P configuration).

Results of the calcualt ion for the misfit effect were unaffected by this

change in orientation, bit t~~se for t~~ other effects were quite different.

The internal stresses inside the inclusion and at the matrix-inclusion

boundary were obtained as a function of the aspect ratio aid differences in

the elastic ncduli of the matrix aid inclusion.

2. INCUJSION

Suppose X1, X2 and X3 be a Cartesian coordinate syst~ n. At its origin

—
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is an oblate spheroidal inclusion (cf. Fig. 1) , of which boundary is given

as

+ (4 + 4)c2 1 . (1)

The aspect ratio of the inclusion is defined by k a/c.

The matrix aid inclusion are assuzied to be elastically isotropic. E

aid E* are the Young’s i oduli , ~i aid ~i * are the shear ncduli, and V aid V~’

are Poisson ’s ratios of the matrix aid inclusion , respectively . In the

following calculations , the shear nodulus ratio, m, defined by m

is enployed in order to describe effects of a differing elastic constant

of the inclusion. To sii~plify the presentation of results, Poisson’s

ratios of matrix and inclusion are assuned to be equal to 1/3 , for which m

is also equal to E*IE. This is reasonable for x~~st of the practical

applications .

3. INTE~~AL STRESSES IN AND A1~~JND ThE INCLUSION

Eshelby (2] developed a matbod for obtaining the internal stress of an

ellipsoidal inclusion in an infinite isotropic matrix. Eigen strain inside

the inclusion is uniform. He also gave an equation t6 evaluate the iziluiiD-

geneity effect under a uniform external stress field by using the concept

of an equivalent inclusion s As in Paper I , his theory is used here to

obtain the internal stresses in and around the inclusion .

In Paper I, only t~~ independent principal stress ocznponents needed to

be considered. In this study , ~~wever, all three are required since one of

the gec~ietrical synretries is lost . This change adds one noxe unk~~~n

ccrçonent of the eigen strain e~j of the equivalent inclusion in ociiçax~ison

— 2 —
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to the previous study . After solving the proper sirruitaneous equations with

respect to ei., the principal ccmçonents of internal stress within the in-

clusion, o~~, 022 aid O~ 3~ can be obtair~d as a function of the aspect ratio

k aid the shear nodulus ratio m :  p~’/~i. Internal stress just outside of the

inclusion, o~~ , can also be obtained, bit is a function of the position at

the boundary. We will present primarily the results of at the equator

point A.3 along X3 axis or (0 , 0 , c) C d .  Fig. 1).

~~~ effects are considered in this study , since internal stresses due

to misfit effect can be obtained for the present geonetry by interohanging

the indices 1 and 3 in the results presented in Paper I:

1) In~ nogeneity effect : When uniaxial external stress is applied

along X3 axis at infinity, it produces elastic strain , ~~~ given by

-V 0 0

~~ (: -: 
~
) eA (2 )

where eA is equal to AlE

2) . Plastic deformation effect : When the inclusion is ron-deformable

plastically , and the surrounding matrix undergoes plastic deformation along

axis by the anount of internal stresses in aid around the inclusion

are to be evaluated as a function of £1) following the netbod of Tanaka aid

Pbri [3). In this case, the eigen strain e~ inside the inclusion is

e~~ : I  0 ~ 0 I . e
~ 1 2 ~ P

0

— 3 —
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‘4. RE~ JLTS

4.1 Inlurcgeneity Effect

Results of internal stress evaluation due to inbonogeneity effect for seven

different m values are sI~~ n in Figs . 2 to 4 • All the stresses are ror-

nelized by the applied stress 1A . When inlurogeneity effect is absent

Cm 1) , ~~ have (0~~~) j ~~ ~°22~irth = 0 aid (0~3 )~~~ 0A regardless of

the aspect ratio k, as expected. As k approaches zero, (a
~~
)jth and (a~2

)
~~~

vanish regardless of m, whereas (0~3
)~~~ approaches an asyn~totic values of ma

A.

Figure 2 indicates that the magnitude of stress normal to the broad face

of the inclusion is generally ~~all, aid that the sign of (0 ~~
) ~~ changes at

k 0.37. For elastically hard inclusion with m> 1, (a~~ )~~~ becares tensile

for thin discs under tensile loading along X 3 axis. For inclusions. with m > 1,

carpressive (tensile ) stress develops along X2 axis when tensile (ccq~ressive)

external stress is applied along X3 axis (cf. Fig. 3). The m~gnittd~ of the

cui~ ressive stress deperds on bothkaid m. F O r k :  0.O7 a x d m : l O , the

ratio (01 ) / 0 A reaches — 0. 473. Results for (0~3 )j~~ s~oc~n in Fig. 4 irdi—

cate no unexpected behavior. The approach to the asyrrptotic value is, Icwever,

mach sl~~ r for larger m values than for smaller ones .

For iruurogeneity effect at the boundary, at the equator point

A3 is presented in Fig. 5. The stress (as normalized by 0A ) is positive when

m is wearer than unity and increases with decreasing k or increasing m. For m

less unity, (a~~)~~~ anci have opposite signs . It is inçortant to rote that

an elastically hard plate-like inclusion parallel to the tensile stress axis

produce significant tensile stress at the edge normal to the plane of the

Inclusion. On the othrzr hand, the tensile stress developed at the edge of

an elastic,*~ily soft inclusion under’ ocxrpressive loading is mach s~~ller in

nngnitude in oonçariscn t o aA.

— ‘ 4 -



‘4.2 Plastic Deformation Effect

Result s of internal stress in the inclusion due to plasti c deformation

effect (o~~)~ are shown in Figs . 6 to 8. Here , the stresses are normalized

by E*cr)~ where E* is the Young ’s ncdulus of the inclusion aid is the

ancunt of plast ic deforma tion along the axis . For a given k , a smaller

m value produces larger magnitude of all principal stresses in general .

Both (o~~)~ aid 
~~~~~~ 

have the opposite sign cxznpared to c ;  i.e., these

stresse s are cx)npre ssive when tens ile plastic deformation is produced in the

matrix . Their magnitudes axe smaller for lar ger m and approach asyn~totic

values of zero and —0 .19 with vanishi ng k , respect ively. (0~3
)p is shown in

Fig . 8. Its magnitude is greater for smaller m and approaches the asynptotic

value of 0.9375 E*c~ with decreas ing k.

For plastic defor mation effect at the bounda ry , (a~~)~ at the equator

point A3 is presented in Fig. 9. Here , the stress is normalized by

where E is the Young’s riodulus of the matrix. The effect of the ncdulus

ratio m becoaes larger at smaller k. As k goes to zero, the stress approaches

an asynptotic value depending on m.

‘4. 3 O~~~ at EQuator Points

The inclusion considered in Paper I has the synmatr’y about axis

(also the stress aid deformation axis), so ø~3 at any point on the equator

remains unchanged. However, the inclusion considered in this study ~~es

not have such a synmatry . So far , the results of ~~~ at the equator point

A3 or (0 , 0 , c) are presented. It is necessary to examine the variation of

on the equator defined by 4 + 4 = c2 . ~~nsicier a unit vector , i~,

ronnel to the equator, where ~ : (0 , n2, ri3) , satisfying + : 1.

Pcoording to Eshelby [2], a~~ on the equator can be obtained as

— 5 —
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~~E ((e~1 + e~~ ) -~~~e~~~-~~~ ( e’
~2 n~ + e~3 n~)} (‘4 )

Equation (4) can be written as C1 + C2 n~ , where

E {(e~~ + e~~ ) - -
~~
. (e~1 + 242 + e~3 ) } (‘4a)

and

E (e~2 — e~3 ) .  (‘4b)

Since 0 < n3 < 1, a~
1
l has a inaxisrun at either n3 = 0 or n3 1. Her e, n3

corresponds to the equator point A3 , aid n3 0 to the equator point A2 or

(0, c, 0) (cf. Fig. 1). at the equator point A2 is then equal to C1. Values

of ~~~ at A2 for inholTrgeneity aid plastic deformation effects were calculated .
These axe presented against k for various m values in Figs. 10 aid U.

Figure 10 shows the results for inluicgeneity effect. The stress ratio

(0~1
)~~~ /0A is always negative for m >  1, irdicating that (a

~~~
) j ~~ reaches

a ma~d.rrum at the equator point A3 under tensile applied stress (1> 0) .

Under ccxpressicnal applied stress (d~ < 0) , (a~~)~~~ is maxini.un at the

equator point A2 However, its magnitude is mach smaller than that at A3
for ciA > 0. When m is less than unity aid i A >  o, (a~~) ~~~ at reaches

a maxij ium, ixit (a~~)~~~ at any point on the equator is aiway less than that

of I. Therefore, the stress concentration due to inhom~geneity effect at

the edge of a soft inclusion par eilel to the stress axis is deemad insigni-

ficant .

Figure 11 shows (c1~1)~ at A2 arising fran plastic deformation effect .

When these results are coepared with those in Fig. 9 , it is found that the

location of a maxinun in (a~1
)~ depends on the sign of regardless of the

— 6 —



nodulus ratio m. For tensile strain (c > 0), the maximim occurs at A3,

whereas (a~~) reaches a maxinum at far ccq~ressive strain (c~ < 0).

Again, the na~nitude of (a~1
)~ at is smaller than that at

‘4 . 4 Con~arison with Previous Results

Results obtained here for a spherical inclusion agree with those

reported in Paper I. For this special case, no geoe~trical distinction

exists. It should be nentioned here that Tanaka aid !~bri [3] first

evaluated the plastic deformation effect quantitatively using Eshelby theory.

Originally , they considered ~~rk-hard ening of coiiposite materials. lAter ,

Tanaka , ~bri and Nakanura [‘4 ,5] extended the calculations to decohesion

process of an inclusion in material. The shape of the inclusion considered

Included a thin disc para llel to the deformation axis X
3 

(with k = 0) ,  a

sphere , and a long needle along the X
3 

axis (with k co) .

For a spherical inclusion, Tanaka et al. [Z4 ] obtained

(a
1
) { - - lOv)m + 

2(1 - 2v) + (1 + v)m R1 - v) •m•~~ (5)

for inluir geneity effect aid

I~~ - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  . *  (6)- (7 — 5~) (1 v) + (8 — 1~~) (1 + v) ni ~1,

for plastic deformat ion effect , respectively. These are given in our’

notation, taking v : v~. Note that their expression for (O~3
)~ has one

obvious typogrephical error, which is corrected in the above expression.

Our results axe in coeplete agreenent with theirs given iii Eqs. (5) aid (6) .

— 7 —



For an infinitely thin disc inclusion, Tanaka et al. [5] obtained

~°33~irth {l + 
(1 

2V3
} ~~A (7)

or ir~honogeneity effect aid

( I ) (2 - 
~~ + v2 )E*c (8)p 2 ( 1 - v )

for plastic deformation effect , respectively , again taking v v~ .

Their result for (O~3
)~ agrees with ours when v is taken as 1/3. ~~~ever ,

the result for (O~3) j~~ diagrees with ours . Apparently, Eq. (7) is

erroneous because the equality of (O~3 ) is not satisfied even when

m 1 unless V 0.

5. DISQJSSION

It is }nown that graphite flakes in cast Iron initiate fracture aid are

responsible for the low tensile strength of the material . In nost previous

studies , the graphite was treated as a cavity (E* 0) in the analysis of the

stress concentration . However, the elastic nodulus aid thermal expansion

coefficient of grephite axe obviously not zero. Their effects on the

nechanica]. strength of cast iron can now be analyzed nore explicitly by using

our results.

The shape of graphite flake is approximated here to be an oblate spheroid,

which has the aspect ratio of 0.01 to 0.2.  The lim iting case of nodular

graphite corresponds to k 1. T~~ different arrengenents for the disc shaped

graphite were considered. One is N configuration, where the broad face of

the graphite flake is normal to the stress axis of uniaxial tension or conpres~
8 ion. The other is P configuration where the grephite flake is parallel to the

stress axis . These are referred to as “N ~~~phite” and “P grephite”, respectively .

— 8 —



The maxiniizn stress for decohes ion of ~~aphite-iron interface is expected to

be stress normal to the grpahite-ir’on interface at the polar point B or normal

stres~. (parallel to the inclusion synmatry axis) acting at the equator point A.

Three dif ferent effects of stress concentrations were evaluated . Young ’s

n~duli of graphite and iron are 20. 7 CPa and 206 CPa, respectively. This,

we obtain m 0.1. The magnitude of was taken as 10 3E. The anount of

plastic defotmat ion was taken as 1%. It is assured that the matrix ceases

to allow plastic relaxation below 800°K. The thermal expansion coefficients

of graphite and iron are 1.8 x 10 6/°K and 12.0 x 10 6/°K, respectively [6].

This gives the thermal misift strain of ~T ~ x l0~~. Results of Paper I

were used for the calcualt ion of misfit effect. For each configuration of

graphite, the total stress due to three effects was calculated as a function

of k, taking tensile and cczipzessive nature of aA into account. ¶l’he results

are presented in Fig. 12, where each curve is labeled for the configuration

of graphite flake, the position of internal stress as well as the direction

of applied stress. Here, (P, A) refers to at A3 aid (F , B) to o~~ at B

in this study, whereas (N, A), r’efers to a~3 atAa id (N, B) to a~3 a t B i n

Paper I. The subscript T or C refers to tensile or cx~’npLessive applied

stress • Note that stresses are given in terma of Young’s nodulus of iron , E.

As expected , tensile stress at the edge of N graphite (N, A)T is quite

high under tensile loading and fracture is expected to initiate at the edge

regar dless of k. For smaller k, (o~3
)
mis is the main contribution, but

(o~~) ~~~ is also siguificant as k app roaches unity . At k = 0.01 , tIe sum of

three effects is 20 x 10 3E, which is five tines smaller than (a~3)~~~ for a

cavity (m : Q~ k = 0.01). At k 0.1, the sum is L~O% greater’ tJ~n (7
~3)inh

of cavity . On the broad face of N grephite, (N , B) T is still tensile for

— 9 —



k < 0.’45 but its magnitude is lower than that of 0A Both (N , A) c and (N, B)c
are nostly oo~~ressive, so N graphite is expected to be an inactive source for

fracture under ooi~pressive loading .

It is nost surpriZ g that bOth (F , A)T aid (F , A)c are positive and

large in magnitude, especially for Ic < 0.1. This inir)lies that tensile stress

acts at the edge of P ~raDhite under tensile or cc1~pressive loading. Low

tensile fracture strength of gray cast iron is tli.is expected from misfit

effect as well as fran inbOnogeneity effect , not ner ely from the latter. Sone

plastic deformation in the vincinity of graphite flakes is also expected

because of very high stress level . This contradicts our assun~tion and in-

validates a part of our calculations . &wever, general features of the

results are still applicable .

Deleterious effects of graphite flakes are present even under ccx~ ressive

loading according to the present calculation . Still, the degree of stress

concentration is nuch less under oonr~ression than under tension. This is the

obvious origin of the strength differential effect in gray cast ix~n [7).

Another obvious consequence is the favorable effect of spleroidization of

graphite [8] , as is well }tncwn ixdustrially . However, the str ess concentra -

tion at the side of ‘a nodular grahite is nore than 50% higher than that of an

equivalent cavity .

- 10 —
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FIGJRE CAPTI~~S

Fig. 1. The orientati on of an oblate spheroidal inclusion . Applied

stress, /‘, is exerted along the X3 axis.

Fig. 2. Inten~ l stress inside the inclusion due to inhrcgeneity effect,

against k.

Fig. 3. Internal stress inside the inclusion due to in]uiogeneity effect,

against k.

rig. ~~. Internal stress inside the inclusion due to inluxx geneity effect,

~°3~i,th
”
~~ 

against k.

Fig. 5. Internal stress at the equator point A3 on the matrix-inclusion

boundary due to inluiogeneity effect, (~~~)~~~/c/~ against k.
Fig. 6. Internal str ess inside the inclusion due to plastic deformation

effect , (c1~~)~ /E*e~ against Ic.

Fig. 7. Internal stress inside the inclusion due to plastic deformation

effect, (a~2)~/E*s~ against k.

Fig. 8. Internal stress inside the inclusion due to plastic deformation

effect , (ci~3) /E*c against k.
Fig. 9. Internal stress at equator point A3 on the matrix-inclusion

boundary due to plastic deformation effect , (o~1
)~fE •e~ against Ic.

Fig. 10. Internal stress at the equator point A2 on the matrix-inclusion

boundary due to in]ua~geneity effect , (C~~ )j thfQA against k.

Fig. U. Internal stress at the equator point A2 art the matrix-inclusion

boundary due to plastic deformaticm effect , (O~~)~/E• £1) against k.

Fig. 12. Internal stre sses at equator point A and the polar point B of iron
matrix-graphite inclusion boundary. The sum of the three effects
(misfit 5 x l0~~, in~arr geneity m = 0.1 with 0A lO~~ • E , aid
plastic deformation 1%) is shown ag~~nst Ic for t~~ configurations

of graphite Inclusions; N aid P gra phites. Tensi le aid ccz1~~essive

applied stresses are irKtlcated by subscript T aid C, r espectively .
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